
I 
1 
I 
I 
I 
1 
R 
I 
I 
1 
1 
I 
I 
I 
I 
I 
I 
I 

R P I  Technical Report MP-17 

A BODY-BOUND NAVIGATION SYSTEM 

'I Alan L .  Goldberg and Paul  J .  Frankel  

NASA Grant NGL 33-018-091 

Analysis  and Design o f  a Capsule Landing System 
and Surface Vehicle Control  System f o r  

Mars Explorat ion 

JUNE 1970 

Rensselaer  Polytechnic  I n s t i t u t e  
Troy, New York 



1 
I 
I 
1 
I 
I 
I 
R 
I 
I 
I 
I 
I 
I 
I 
I 
1 
I 
I 

ABSTRACT 

A requirement f o r  an unmanned Martian roving  v e h i c l e  is  an 

autonomous onboard naviga t ion  system. One n e c e s s i t y  of  such a system 

is t o  erect a r e fe rence  coordinate  frame and r e l a t e  any subsequent 

motion t o  t h i s  frame. 

The ins t rumenta t ion  decided upon t o  e r e c t  a l o c a l  v e r t i c a l ,  

e rgo  a r e fe rence  coord ina te  system, w a s  two body mounted two-degrees- 

of-freedom gyroscopes.  

axes  with one axis redundant.  The ou tpu t s  o f  t h e  gyroscopes (5 . e .  t h e  

gimbal angles  and t h e  gimbal angular  v e l o c i t i e s ) ,  when used i n  con- 

j u n c t i o n  with t h e  components of  a c c e l e r a t i o n  o f  t h e  r o v e r ,  a r e  a s e t  o f  

s u f f i c i e n t  cond i t ions  t o  completely s p e c i f y  t h e  v e h i c l e ' s  Euler  angle  

r o t a t i o n  an2 t r a n s l a t i o n  from t h e  i n i t i a l  r e f e rence  frame. 

This  w i l l  supply t h r e e  or thogonal  r e fe rence  

This  r e p o r t  develops t h e  necessary  equat ions  of  motion of  a two- 

degrees-of-freedom gyroscope where l a r g e  angular  excursions occur ,  t h e  

r e l a t i o n s h i p s  between the  var ious coord ina te  frames employed, and t h e  

t r a n s l a t i o n a l  equat ions of motion o f  t h e  rove r  i t s e l f .  

i 
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I. INTRODUCTION 
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8 

Before t h e  t u r n  of t h e  century t h e  United S t a t e s  p l a n s  t o  l a n d  an 

autonomously c o n t r o l l e d  unmanned rov ing  veh ic l e  on t h e  p l a n e t  Mars. This  

r e p o r t  is concerned with t h e  study o f  a nav iga t ion  system f o r  a t y p i c a l  

v e h i c l e .  Such a system must be capable  o f  a c t i n g  i n  e i t h e r  a pass ive  

or a c t i v e  mode. To perform i n  t h e  pas s ive  mode, a self contained 

nav iga t ion  system must be  a b l e  t o  supply changesin t r a n s l a t i o n a l  

and Eu le r i an  parameters from an i n i t i a l  r e f e rence  p o s i t i o n .  

hand, t h e  rove r  may r e q u i r e  a s p e c i f i c  o r i e n t a t i o n  i n  o r d e r  t o  perform 

On t h e  o t h e r  

a mission;  an a c t i v e  navigat ion scheme i s ,  t h e r e f o r e ,  n e c e s s i t a t e d .  

A stable  p l a t fo rm navigat ion system w a s  no t  considered due t o  s i z e ,  

weight,  and performance r e s t r i c t i o n s  ; t h e r e f o r e ,  a t t e n t i o n  was tu rned  t o  

a body mounted gyroscopic system. The primary o b s t a c l e  i n  t h e  development 

of such a system is  t h a t  l a r g e  angu la r  excursions o f  t h e  gimbals are  

encountered. 

The au tho r s  formulated two ques t ions  upon which t o  base t h e i r  

i n v e s t i g a t i o n s ;  f i r s t ,  could gyroscopic ou tpu t s  be r e l a t e d  t o  system para-  

meters; and second, could a phys ica l ly  r e a l i z a b l e  system be obtained? 

Reference 3 i n v e s t i g a t e s  t h e  f e a s i b i l i t y  o f  a body-bound navigat ion system 

i n c o r p o r a t i n g  single-degree-of-freedom gyroscopes; t h e r e f o r e ,  t h e  au tho r s  

tu rned  t h e i r  e f f o r t s  towards a system emplo9ing two-degrees-of-freedom 

gyroscopes, t h e  r e p o r t  o f  which i s  presented he re in .  

Sect ion I1 develops t h e  r e l a t i o n s h i p s  between t h e  ou tpu t s  o f  t h e  

gyroscopes ( i . e .  t h e  gimbal angles and t h e  gimbal angu la r  v e l o c i t i e s ) ,  

t h e  measured sum o f  t h e  torques about t h e  output  axes o f '  t h e  gimbals,  

and t h e  veh ic l e  angu la r  v e l o c i t y  (Liib). Sect ion I11 uses t h e  r e s u l t s  



of Sec t ion  I1 i n  conjunct ion with t h e  i n t e g r a t e d  components of 

t h e  r o v e r ' s  measured acce le ra t ion  along i t s  p r i n c i p a l  axes  t o  o b t a i n  

express ions  f o r  t h e  t r a n s l a t i o n a l  and Euler ian  movement of  t h e  craf t .  

The f i n a l  s e c t i o n  (IV) of t h e  r e p o r t  p re sen t s  t h e  conclusions and 

recommendations o f  t h e  au thors  wi th  regard  t o  f u t u r e  endeavors i n  t h e  

design o f  a body-bound naviga t ion  system. 



11. ANALYSIS OF BODY-BOUND TWO-DEGREES-OF-FREEDOM 
GYROSCOPES AS AN INERTIAL BODY RATE SENSOR 

Consider two two-degree-of-freedom gyroscopes mounted a t  

t h e  c e n t e r  o f  g r a v i t y  of t h e  mart ian land  rover .  Since t h e  v e h i c l e  

i s  always i n  con tac t  wi th  t h e  Martian s u r f a c e ,  each gyro’s momentum . 

does n o t  a f f e c t  any dynamical modes o f  t h e  craft .  The gyros a r e ,  

however, a f f e c t e d  hy any changes i n  t h e  i n e r t i a l  angu la r  v e l o c i t y  

of t h e  rover .  

Appendix A - gives  t h e  de r iva t ion  o f  t h e  equat ions o f  motion o f  a 

two-degrees-of-freedom gyro i n  a 1, 2 ,  3 conf igu ra t ion .  (The 1, 2 ,  3 

des igna t ion  r e f e r s  t o  t h e  d i r e c t i o n s  o f  t h e  o u t e r  gimbal ou tput  a x i s ,  

t h e  i n n e r  gimbal ou tput  a x i s ,  t h e  inne r  gimbal ou tput  a x i s ,  and t h e  

s p i n  a x i s  of t h e  rotor ,  r e s p e c t i v e l y ) .  These equat ions  are: 

and 

where c cos ine .  

equat ions  (1) and ( 2 )  r e p r e s e n t s  t h e  t i m e  d e r i v a t i v e s  o f  t h e  moment o f  

momentum f o r  t h e  inne r  gimbal dynamics and o u t e r  gimbal dynamics, 

r e s p e c t i v e l y  , about t h e  output  a x i s  o f  t h e  corresponding gimbal. 

Assuming a l l  f o r c e s  but  t h e  e x t e r n a l  to rques  on t h e  gimbals 

(a v iscous  damping fo rce  and a s p r i n g  r e s t Q i n h g  f o r c e )  are n e g l i g i -  

b l e ,  t h e  r i g h t  hand s i d e  o f  equat ions (1) and ( 2 )  expand i n t o  

The t e r m  on t h e  l e f t  s i d e  o f  t h e  equa l s  s i g n  i n  



1 
I 
I 
I 
c 
I 

where t h e  s u b s c r i p t j  indexes e i t h e r  t h e  i n n e r  or o u t e r  gimbal, and 

t h e  parameter , refers  t o  t h e  measured gimbal ang le  v a r i a b l e  under 
d 

c o n s i d e r a t i o n :  e f o r  t h e  inner  gimbal or +a for t h e  o u t e r  gimbal. 

Designating t h e  1,2,3 gyro conf igu ra t ion  by t h e  s u b s c r i p t  A', and 

combining equation (1) with (3), and equat ion ( 2 )  with ( 3 )  y i e l d s  

and 

r e s p e c t i v e l y .  

Following a similar a n a l y s i s  f o r  a gyro i n  t h e  2,3,1 conf igu ra t ion  

( s e e  Appendix A), designated by t h e  s u b s c r i p t  B ,  t h e  two gyro d e f i n i n g  

equa t ions  are found t o  be 

and 

Assuming each gyro's o u t p u t s  t o  be i t s  gimba'l 

a n g l e  rates,  equat ions (41, ( 5 1 ,  (61, and ( 7 )  

namely, w , w , Qj0 , and * , r e s p e c t i v e l y ,  s:,* s:, s o  
l3 ' A  ' R  . 

can r e a d i l y  be found. The q u a n t i t i e s  4; , 4+ 

t h e  9 r e f e r e n c e s  e i t h e r  t h e  A or B gyro) are 

ang le s  and i t s  gimbal 

con ta in  f o u r  unknowns ; 

f o r  which a s o l u t i o n  

, and A9 , 5% (where 

measured d i r e c t l y .  The 

remaining cons t an t s  are determined by t h e  s p e c i f i c a t i o n s  of t h e  exac t  

gyroscope used. 



5 
Equation (A13) i n  Appendix A can be expanded t o  y i e l d  t h e  above 

f o u r  v a r i a b l e s  as funct ions o f  t h e  unknowns w w and b , 
with r e s p e c t  t o  t h e  gyro conf igu ra t ions ,  A and B y  

5 4 ’ b2 

where s = s i n e .  

Equations (81, (91, (lo), and (11) con ta in  on ly  t h r e e  unknowns, 

so t h a t  both s o l u t i o n  and v e r i f i c a t i o n  are p o s s i b l e .  

angu la r  v e l o c i t y  components of t h e  veh ic l e  a long i ts  p r i n c i p a l  axes are 

found t o  be: 

The i n e r t i a l  
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and 

and 
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, 
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111. DESIGN OF A N A V I G A T I O N  SYSTEM INCORPORATING TWO 
BODY-BOUND TWO-DEGREES-OF-FREEDOM GYROSCOPES 

The nav iga t ion  system presented i n  t h i s  r e p o r t  has been 

i n v e s t i g a t e d  i n  terms of  i t s  

t h a t ,  given t h e  i n i t i a l  a t t i t u d e  and p o s i t i o n  o f  t h e  r o v e r ,  t h e  body- 

bound system w i l l  continuously update t h i s  da t a  as t h e  rove r  t r a v e r s e s  

t h e  p l a n e t .  

a c t i n g  as a pass ive  system. This imp l i e s  

It is a s i m p l e  matter, though, t o  show t h a t  t h e  f i n a l  

results are a p p l i c a b l e  t o  both a c t i v e  and pass ive  modes o f  ope ra t ion  

of t h e  system. 
- -  

1’ P2’ p3 Figure 3 shows t h e  l o c a t i o n  o f  t h e  rove r  i n  t h e  6 
r e f e r e n c e  frame (centered i n  t h e  p l a n e t ,  and r o t a t i n g  with i t )  as 

denoted by x, y ,  and z ,  r e s p e c t i v e l y .  

t o  d e s c r i b e  t h e  v e h i c l e ’ s  p o s i t i o n  i n  terms of s p h e r i c a l  coord ina te s ,  

It is ,  however, advantageous 

and 

z ’  = FCCB . . ’  (17) 

where R equa l s  t h e  r a d i u s  o f t h e  p l a n e t  and is  assumed cons t an t .  
0 

Equations (151, (161, and (17) can be  used t o  so lve  for L’  UL , 
0 

HL, and 0 i n  terms of the l o c a t i o n  and v e l o c i t y  of t h e  v e h i c l e ,  L 
There fo re ,  



and 

The v e l o c i t y  components i n  t h e  6 frame, k, 9 ,  and 5 ;  are 

determined by using t h e  i n t e g r a t e d  o u t p u t s  o f  t h e  onboard accelerometer  

s e n s o r s  i n  conjunct ion with equation (C18) from Appendix C .  These 

s e n s o r s  measure t h e  components o f  t h e  r o v e r ' s  a c c e l e r a t i o n  i n  t h e  1; 

and d i r e c t i o n s .  Therefore ,  t h e  two expressions generated by 

equa t ion  (C18), when used with equat ion (C3), are 

- 

1 

2 

and 

ii = x ( E ) / , x , v  . n , l & ~ , y s ( , 4 , t ) 1  ( 2 4  1 
A, ' 

where t h e  f u n c t i o n a l  r e l a t i o n s h i p s ,  f ,  g ,  and h ,  are n o t  e x p l i c i t l y  

shown. Equation (C4) is used t o  v e r i f y  t h a t  a l l  v e l o c i t y  and accelera- 

t i o n  values  agree. 

The f i n a l  equat ion used in  determining t h e  a t t i t u d e  and p o s i t i o n  

of t h e  v e h i c l e  is t h e  t r a n s l a t i o n  equa t ion ,  (C20) ,  as der ived  i n  

Appendix C .  This  equat ion expands i n t o  t h r e e  expres s ions .  These - 



t h r e e  r e l a t i o n s h i p s  when used i n  conjunct ion wi th  equat ions  (221, (231, 

and ( 2 4 ) ;  a long wi th  t h e  t h r e e  a c c e l e r a t i o n  r e l a t i o n s h i p s ,  a r e  a s e t  of 

n ine  equat ions  i n  n ine  unknowns, which can be so lved  t o  uniquely 

determine t h e  r o v e r ' s  a t t i t u d e  and l o c a t i o n .  

9 



10 

IV . CONCLUSION 

This  r e p o r t  demonstrates t h a t  f o r  t h e  first t ime an unambiguous 

r e p r e s e n t a t i o n  of t h e  veh ic l e ' s  o r i e n t a t i o n  can be found r e l a t i v e  t o  

some r e f e r e n c e  system. Using t h e  equat ions  of motion o f  a two-degree- 

of-freedom gyroscope t h e  veh icu la r  angular  v e l o c i t y  w a s  found as a 

s i n g l e  valued func t ion  of  t he  measured gimbal angles  and t h e  t i m e  d e r i -  

v a t i v e s  o f  t h e s e  angles .  

t h e  a c c e l e r a t i o n  ( a s  determined by onboard acce lerometers )  and t h e  

This r e s u l t  w a s  then  used i n  conjunct ion with 

t r a n s l a t i o n  o f  t h e  veh ic l e  t o  o b t a i n  express ions  f o r  t h e  components o f  

t h e  v e h i c l e ' s  v e l o c i t y .  Upon expres s ing  a l l  q u a n t i t i e s  i n  terms of t h e  

i n e r t i a l  r e f e rence  coordinate  frame, a s e t  o f  n ine  e q u h t i o n s ' i n  n ine  

unknowrs r e s u l t s .  

A s imula t ion  o f  t h e s e  equat ions on an IBM-360/50 y i e l d s  t h e  

r e s u l t  t h a t  a unique s e t  o f  the v e h i c l e ' s  t r a n s l a t i o n a l ,  and Euler ian  

r o t a t i o n a l  parameters  can indeed be found. 

Fu r the r  work i n  t h i s  a rea  should be d i r e c t e d  along t h e  fo l lowing  

two l i n e s :  an e r r o r  analysis ,  and a breadboarding of t h e  u n i t .  

i n v e s t i g a t i o n s  would t r a n s f e r  t h e  u n i t  from t h e  realm o f  mathematical  

f e a s i b i l i t y  i n t o  a r e a l i z a b l e ,  func t ion ing  u n i t .  

These two 

I 
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A P P E N D I X  A 

Derivat ion o f  Equations o f  Motion o f  a Two-Degrees- 
of-Freedom Gyroscope 

The r e l a t i o n s h i p s  between t h e  orthonormal coord ina te  systems 

based i n  t h e  r o t o r ,  t h e  i n n e r  gimbal, t h e  o u t e r  gimbal, and t h e  body 

(as shown i n  Figure 1) can be used t o  de f ine  t h e  dynamics of t h e  gyroscope. 

C o n s i d e r . f i r s t  t h e  r o t a t i o n  o f  t h e  F coord ina te  system, f i x e d  

i n  t h e  r o t o r ,  with r e s p e c t  t o  t h e  

This  r o t a t i o n  is  descr ibed by t h e  matr ix  equat ion * 

frame, f i x e d  i n  t h e  i n n e r  gimbal. i 

' 1  0 0 

where s = s i n e  and c = cos ine .  

t h e  and gi frames is  

The v e l o c i t y  r e l a t i o n s h i p  between 

where w i s  t h e  angu la r  v e l o c i t y  of t h e  j coord ina te  system with 

r e s p e c t  t o  i n e r e i a l  space,  and -; is t h e  re la t ive  angu la r  

v e l o c i t y  of t h e  two frames. 

J 

r j  3 

I 

There are two a d d i t i o n a l  dynamical modes o f  t h e  gyroscope: 

a )  t h e  r o t a t i o n  o f  t h e  inne r  gimbal with r e s p e c t  t o  t h e  o u t e r  

gimbal <E coord ina te  system); and b )  t h e  motion of t h e  o u t e r  

gimbal with r e s p e c t  t o  t h e  body (g frame).  

desc r ibed  by two equations o f  t h e  form o f  (All and (A2): a 

0 

Each mode can be 

ma t r ix  frame t ransformation and t h e  inter-frame v e l o c i t y  



r e l a t i o n s h i p .  

The equat ions  desc r ib ing  the motion o f  mode a )  a r e  

and 

And t h e  mode b )  r e l a t i o n s h i p s  a re  

Expanding equat ions  (A2), (A41, and (A61 g ives  

+ [j;, j i 3 ]  

(A4  



and 

t 

= [ b ,  

+ [ b ,  

0 

ff 

0 

0 

0 
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It is  d e s i r a b l e  t o  express t?, . and rT/ as func t ions  of G 4 c  3 9 t to 

f a c i l i t a t e  l a t e r  work. The first s t e p  i s  t o  express a l l  i n e r t i a l  

angu la r  v e l o c i t i e s  i n  t h e  r frame. 

(A3) i n t o  equat ion (A7) gives 

S u b s t i t u t i n g  equat ions ( A 8 1  and 

[ r, Tz .] 
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+ 

Now s u b s t i t u t i n g  equat ions (A5) and ( A 9 1  i n t o  equat ion (A101 produces 

r /  0 0 

-.i] 4 

(All 1 
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1 
I 
I 
I 
I 
I .  
I 
I 
8 

All terms con ta in ing  i n  equat ions (A7) and ( A l l )  w i l l  be . 

equal  when they  are expressed i n  t h e  same coord ina te  system. 

equa t ing  (A71 and ( A l l )  t h e s e  terms would be e l imina ted .  

Upon 

Thefore,  

can be set equa l  t o  zero immediately t o  f a c i l i t a t e  t h e  mathematics. 

Hence , 
I 

[- 7;, 9 5  - 9, - 1  

Solving for E. as a func t ion  o f  6 i n  equat ions (A31 and (A5), and 
1 

applying t h i s  resul t  t o  equation ( A 1 2 )  y i e l d s  

(A131 

*ere t h e  v e c t o r s  have been el iminated.  

Secondly, t o  o b t a i n  t h e  W equat ions (A101 and ( A l l ) . a r e  equated . 9. 
with 0 and 5 5 0. 



Using equat ion (A51 t o  transform (A14)  i n t o  t h e  frame and 

e l i m i n a t i n g  vec to r s  y i e l d s  the d e s i r e d  resul t ,  

’/ 0 0 

17 

(A14 1 J 

The dynamics o f  t h e  gyro can be def ined by expressing t h e  

momentum o f  t h e  gyro i n  both t h e  i n n e r  gimbal frame and t h e  o u t e r  

gimbal frame. 

t h e s e  equat ions:  

/ 

The t h r e e  fol lowing assumptions w i l l  be employed i n  d e r i v i n g  
, 

.O 

1. 

2. 

The r o t o r  revolves  a t  constant  speed ( e = 0 ) .  

Only momentum terms containing $ are apprec iab le  
, 

(,i.e. t h e  momentum c o n t r i b u t i o n  o f  t h e  gimbals is 

n e g l i g i b l e ) .  

I 
I 
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3. The gyro r o t o r  has a symmetrical mass d i s t r i b u t i o n .  

Consider t h e  i n n e r  gimbal dynamics, 

(A161 

Expanding equat ion (A161 and no t ing  t h a t  r 
r o t o r  g ives  

is t h e  s p i n ’ a x i s  o f  t h e  3 
, 

0 

0 

*3, 

0 

(A171 

In  t ransforming equat ion (A171 i n t o  t h e  g. frame, t h e  r o t o r ’ s  i n e r t i a  

does not  change due t o  t h e  symmetry. S u b s t i t u t i n g  equat ion (A7) i n t o  

(A171 and n o t i n g  symmetry y i e l d s  

1 

/ 

0 

=3t. 

0 



Expanding ( A 1 8 1  g ives  

+ 

C 

19 

( A 1 8 1  

The t i m e  d e r i v a t i v e  of equation (A19)  i s  

hence, 

- 

+ 

.. 
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Since t h e  e -  and gi 1 3 
axes have no gimballed freedom, on ly  .the 1 

- 
component need be considered. Applying assumptions (1) and ( 2 )  t o  

2 gi 

s i m p l i f y  equat ion (A201 gives  

where 

Now cons ide r  t h e  o u t e r  gimbal dynamics. S u b s t i t u t i n g  equat ion 

(A101 i n t o  equat ion (A20) gives  

upon expanding 

13, 
0 

0 

Taking t h e  d e r i v a t i v e  of equation (A231 with r e spec t  t o  t i m e  

y i e l d s  
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or 

Applying assumption ( 2 )  and not ing t h a t  only t h e  

is of concern,  t h i s  being t h e  output  a x i s  o f  t h e  gimba1,yields 

a x i s  component 
1 0 

I 
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DERIVATION OF INERTIAL ANGULAR VELOCITY 
WITH RESPECT TO THE PLANET FRAME 

Derivat ion o f  W as a Function of G b S 
B1. 

The p i t c h ,  ab;  roll, 96b, and yaw, pb; o f  t h e  body is  an E u l e r  

sequence t h a t  can be used t o  def ine t h e  o r i e n t a t i o n  of t h e  6 frame with 

r e s p e c t  t o  t h e  s frame. The r o t a t i o n  sequence i s  a r b i t r a r y ;  however, 

it should be chosen t o  s impl i fy  mathematical manipulat ions.  

t h e  first r o t a t i o n  s i n c e  s t e e r i n g  w i l l  be t h e  main angu la r  movement of 

t h e  v e h i c l e .  

Yaw is 

The second r o t a t i o n  i n  t h e  sequence i s  p i t c h ,  and t h e  l a s t  

is r o l l .  

I n  o r d e r  t o  o r i e n t  t h e  6 frame with r e s p e c t  t o  t h e  

in t e rmed ia t e  frames, e and f ,  are introduced ( see  F igu re  2 ) .  

Appendix A ,  - two coordinate  systems can be r e l a t e d  us ing  a ma t r ix  frame 

t r ans fo rma t ion  and t h e  corresponding inter-frame v e l o c i t y  r e l a t i o n s h i p .  

The re fo re ,  r e l a t i n g  t h e  e and frames, 

frame, two 

A s  i n  

and 



Rela t ing  t h e  and 6 frames, 

and 

F i n a l l y ,  t h e  equat ions for the  

and 

J 

0 

0 

- - 

remaining two frames a r e  

Expanding equat ions ( B 2 ) ,  (B4), 

= [< s, i;] 

+ +it e 

and ( B 6 )  g ives  

] 
+ [i, s, 4 

23 
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and 

5 -1 = kl 
3 

+ 0 

r e s p e c t i v e l y .  

S u b s t i t u t i n g  equat ions (B3) and ( B 8 )  i n t o  equat ion ( B 9 )  y i e l d s  

[L b, b,] r- r 1 

S u b s t i t u t i n g  equat ions  (B1) and ( B 7 )  i n t o  equat ion (B10) produces 

4 -1 = p, s, 
+ [;, s, ;.J 

~1 I 

- .  
0 

4 
0 - .  

F- 

J L 

0 



1 
1 
8 
I 

I 
a 

or 

L 

c e  0 

0 I 

[;, s, .] 

586 

4 
0 

Solv ing  f o r  s' as a func t ion  of i n  equat ions  (Bl), (B3), and ( B 5 ) ,  

and us ing  t h i s  r e s u l t  i n  equat ion (B12) y i e l d s  

(.Bll] 

. (B12) 



I 
I 

El imina t ing  t h e  vec to r s  and s impl i fy ing  equat ion (B13) g ives  
I 

8 
8 
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B2. 

Vectors i n  t h e  

Derivat ion o f  L3- as a Function o f  23 P 
frame can be expressed i n  t h e  p’ frame 

through a sequence of two Euler  r o t a t i o n s .  The f irst  one is chosen 

t o  be a longi tude  ( )rL) r o t a t i o n ;  and t h e  second, a l a t i t u d e  (0,) 

r o t a t i o n  ( s e e  Figure 3). The vec to r  s 
whose p l ane  i s  l o c a t e d  k from 6 ; and s is tangent  t o  t h e  minor 

L 1 2 

c i r c l e  def ined  by t h e  dec l ina t ion ,  BL, from t h e  p o l e ;  while 

is tangent  t o  t h e  g r e a t  c i rc le  1 

l i e s  along 3 

t h e  l o c a l  v e r t i c a l .  
- 

As done previous ly ,  an intermediate  frame, y ,  i s  introduced such 

t h a t  

and 

-5z 4 
0 0 

- 
11 I 

I (B15) 

The angular  v e l o c i t y  r e l a t i o n s h i p s  corresponding t o  equat ions 

(B15) and (B16) are 

and 

r e s p e c t i v e l y .  

(B17) 
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Expanding equations (B17) and (B18) y i e l d s  

and 

[;. r. r.3 
- 7  

S u b s t i t u t i n g  equat ions  (B16) and (B20) i n t o  equat ion (B19) g ives  

(B2'0) 
0 

or 

[Fl  p. p'] + [p, - 
P 
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Solving f o r  B as a func t ion  of 

us ing  t h i s  r e s u l t  i n  equat ion (B22) produces 

i n  equat ions  ( B 1 5 )  and (B16), and 

= p, 

e . 

El imina t ing  v e c t o r s  and s impl i fy ing  t h e  above r e s u l t  g ives  

0 

1 .  
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APPENDIX C 

Derivat ion of Trans l a t iona l  Equations 
of Motion o f  t h e  Rover 

- -  
p coord i -  1' p2,  3 

The l o c a t i o n  o f  t h e  rover  with r e spec t  t o  t h e  

n a t e  system is des igna ted  by x, y ,  and z ,  r e s p e c t i v e l y .  (See f i g u r e  3 )  

The p o s i t i o n  o f  t h e  v e h i c l e  is def ined  t o  be 

which l e a d s  t o  t h e  s c a l a r  c o n s t r a i n t  equat ion of 

where R is  t h e  r a d i u s  o f  Mars and i s  assumed c o n s t a n t .  

of any h i l l  that  t h e  rove r  t r a v e r s e s  i s  considered n e g l i g i b l e  with 

(The he ight  

r e s p e c t  t o  R.) 

The first and second time d e r i v a t i v e s  o f  equat ion  ((22) a r e  

and 

r e s p e c t i v e l y .  

t h e  v e l o c i t y  senso r s  and will be t r e a t e d  i n  g r e a t e r  d e t a i l  l a t e r .  

Equations (C3) and ( C 4 )  a r e  used i n  conjunct ion with 

The v e l o c i t y  o f  t h e  vehic le  is t h e  time d e r i v a t i v e  of equat ion 

( C 1 )  with r e spec t  t o  i n e r t i a l  space 

or 
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Since t h e  

i n e r t i a l  space,  

frame has only one degree o f  freedom with r e s p e c t  t o  

where gk is t h e  r o t a t i o n a l  r a t e  of  t h e  p l a n e t .  

~ S u b s t i t u t i n g  equation (C7) i n t o  equat ion (C6) and s impl i fy ing  

y i e l d s  

. 

The time d e r i v a t i v e  of  equation ((28) w i th  r e s p e c t  t o  i n e r t i a l  space 

y i e l d s  t h e  a c c e l e r a t i o n  o f  t he  v e h i c l e ,  . * 

I 
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S u b s t i t u t i n g  equat ion ((27) i n t o  equat ion (C9) and c o l l e c t i n g  terms 

g ives  t h e  t o t a l  i n e r t i a l  a c c e l e r a t i o n  o f  t h e  rove r .  

Newton‘s second l a w  of motion can now be used t o  d e f i n e  t h e  

t r a n s l a t i o n  o f  t h e  veh ic l e  , 

- 
F = M Z ,  

where M is t h e  t o t a l  mass o f t h e  c r a f t .  

on t h e  v e h i c l e  are:  

f o r c e  of t h e  p l a n e t  on t h e  v e h i c l e ,  Fr;  and t h e  i n t e r n a l  d r i v i n g  

f o r c e  o f  t h e  r o v e r  i t s e l f ,  P 

t h e  a x i s  o f  t h e  veh ic l e  (see Figure 4 ) .  

equat ion ((211) one o b t a i n s  

The t h r e e  f o r c e s  a c t i n g  
- 

t h e  fo rce  due t o  g r a v i t y ,  F - t h e  r e a c t i o n  
g’ - 

where it is  assumed t h a t  
V, V 

acts  along 

Therefore ,  upon expanding 1 

((211 1 

- 
When t h e  v e h i c l e  is a t  r e s t  , Fv = 0 ,  and x ,  y ,  and z are 

cons t an t  ( a l l  time d e r i v a t i v e s  a r e  a l s o  z e r o ) .  Using t h i s  information 

i n  equat ion (C12) g’ i v e s  

((212 1 

S u b s t i t u t i n g  equat ion (C13) i n t o  (C12) produces 

+ 2F.I (C14 
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In o r d e r  t o  use equat ion (C14) i n  l a t e r  work, it i s  necessary  t o  

As expres s  both s i d e s  of t h e  r e l a t i o n  i n  the  same coord ina te  system. 

s t a t e d  p rev ious ly ,  

F, = F, 6, (C15 

Since  T 
by expres s ing  equat ion (C14) i n  t h e  p' frame. 

acts i n  only  t h e  5 
V 1 d i r e c t i o n ,  t h e  mathematics is s i m p l i f i e d  

Using equat ions  ( B l ) ,  (B3), and (B5), t h e  mat r ix  t ransformat ion  

r e l a t i n g  t h e  6 and frame r e s u l t s .  

Using equat ions  (B15) and ( B 1 6 ) ,  
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Equations (C16) and ('217) can now be used t o  solve for 6 as a 
1 

func t ion  of 6. I 
I 
8 
I 
8 where 

= M  
b/P 

(C18) 
t 

I 
I 

and 
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S u b s t i t u t i n g  equat jons ((215) and (C18) i n t o  equat ion (C14) 

produces 

Simplifying equat ion ( C 1 9 )  and c l e a r i n g  of  v e c t o r s  y i e l d s  and des i r ed  

t r a n s l a t i o n  equa t ion ,  

b 

7L .. 
J - 2 t . 7 '  
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FIGURE 1. Two-Degrees-of-Freedom Gyroscope. 

. .  . 
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FIGURE 2. Rotational Scheme: T frame to % frame. 
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FIGURE 3 .  R e l a t i o n s h i p  o f  M a r t i a n  -Land Rover 
w i t h  R e s p e c t  t o  P l a n e t a r y  R e f e r e n c e  Frame 
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FIGU,W 4. Rela t ionship  of Martian Land Rover 
with Respect t o  Surface 


